This paper investigates the fixed-time fault-tolerant control problem of spacecraft rendezvous and docking with a freely tumbling target in the presence of external disturbance and thruster faults. More specifically, based on the attitude of the target spacecraft, a line-of-sight coordinate frame is defined first, and the dynamical equations relative to the tumbling target are derived to describe the relative position (not six degrees of freedom). Then two fixed-time position controllers are proposed to guarantee that the closed-loop system is stable in finite time in the sense of a fixed-time concept, even in the presence of simultaneous external disturbance and thruster faults. Numerical simulations illustrate that the chaser spacecraft can successfully perform the rendezvous using the proposed controllers.
I. INTRODUCTION
On-orbit servicing is a vital method to extend the lifetime and enhance the performance of spacecraft. Autonomous rendezvous and docking are the most important technology and have received attention from many researchers. However, there exist relatively few research results about approaching and docking with a (freely) tumbling target spacecraft. The classic examples are refueling a powerless spacecraft, repairing failed spacecraft, upgrading a flying satellite, removing space debris, and so on. As an example of our situation of interest, the Soviets lost control of Salyut 7 and it drifted for months, totally abandoned, in 1985 [1] . The Soyuz T-13 mission carried the repair crew to rendezvous with the space station, which they approached after 2 d. The cosmonauts discovered that the station was in a slow roll (no more than 0.3
• /s) and its solar arrays pointed randomly. This is a practical example of a rendezvous with a tumbling target, and there are many other similar cases. Such missions are desirable and significant for many expensive and important spacecraft, such as the Hubble Space Telescope and the International Space Station.
In the terminal phase of rendezvous and docking (within several hundred meters), the relative distance and angles of line of sight (LOS) are the most direct and important measurement data for an autonomic and chaser spacecraft [2] , especially when the target is noncooperative. Hence, LOS-coordinate-frame-based dynamical equations for the relative motion are useful, and some achievements have been made in recent years. For example, Yu [3] derived the LOS-coordinate-frame-based dynamical equations of two spacecraft when their orbits are coplanar, and gave more complete dynamical equations in the LOS coordinate frame later [4] . However, all of the existing research results for the LOS coordinate frame only consider a class of static-attitude targets, whose body-fixed coordinate frame is completely still relative to its orbit coordinate frame; these results are not suitable for a tumbling target spacecraft.
With the development of advanced control theory, numerous advanced methods have been developed to achieve the rendezvous control mission in recent years. For example, Gao et al. [5] investigated the problem of robust H ∞ techniques for a class of spacecraft rendezvous systems. Adaptive sliding-mode control has been used to solve the rendezvous and docking problem [6] . Considering position measurement errors and uncertain mass properties, Singla et al. [7] proposed an output-feedback structured model-reference adaptive controller for spacecraft rendezvous and docking problems. Note that both of these references used the fully nonlinear Clohessy-Wiltshire equations in the synthesis of their controllers. Feedback and adaptive controllers have been proposed to solve the control problem of relative motion in the presence of uncertainties in the thruster alignments and chaser spacecraft's mass [8, 9] . Zhang et al. [10] designed a guidance controller and used an artificial potential function guidance to ensure that the target is approached safely.
However, none of the dynamical equations and controllers in the foregoing references consider the situation when the target spacecraft is tumbling or rotating. In fact, there are only a few research results regarding the control of rendezvous and docking with a tumbling target. Lu et al. [11] studied the problem of approaching and docking with a freely tumbling target, and the integrated controller they designed can ensure that the docking device of the chaser spacecraft is always pointing to the tumbling target. Di Cairano et al. [12] proposed a model-predictive-control approach to solve the problem of rendezvous and proximity maneuvering with a tumbling target in an orbital plane. Liang and Ma [13] and Michael et al. [14] presented two attitude controllers to enable the chaser spacecraft to rotate at the same angular velocity as the tumbling target spacecraft in rendezvous and docking. Note that none of the dynamical equations in this control system are based on the target's tumbling attitude. A tumbling target is difficult to model because both the position and attitude of the chaser and target spacecraft interact; the controller design is also difficult, because the dynamical and kinematic equations are highly nonlinear. One contribution of our work is to define a coordinate frame based on the target's attitude and to derive dynamical equations relative to the tumbling target that provide a nice basis to design a controller for such rendezvous missions.
Although there have been many research achievements for rendezvous and docking with a cooperative or a noncooperative target, none of the existing control schemes are based on finite-time control theory. Finite-time control has received increased attention from scholars in the last 10 y [15, 16] . Benefiting from one more homogeneity power-tuning parameter, the finite-time controller has a faster convergence rate, and the system states can reach equilibrium in a finite time. However, the initial values of the system states must be known in order to estimate the settling time by existing finite-time approaches. In view of that, Polyakov et al. [17, 18] proposed the concept of fixed-time stability, which can estimate the upper bound of settling time without knowledge of the initial conditions. In the initial design of a spacecraft control system, it is desirable to predict the settling time independent of the initial conditions. So far, to the best of our knowledge, there is no fixed-time control result for spacecraft motion, which is the main contribution of this paper.
In actual spacecraft control systems, some catastrophic faults may occur due to malfunctions of the thrusters and other components. If the translation controller does not have any fault-tolerance capability, severe performance degradation and system instability would result in rendezvous mission failure. The fault-tolerant control (FTC) strategies can be classified into two categories: active and passive. In contrast to the active FTC approach, the passive approach requires neither a fault-detection and -diagnosis scheme nor a controller reconfiguration mechanism; the passive method utilizes a single robust controller to deal with a certain well-defined fault set. There also have been a great deal of results in the literature on spacecraft control, such as the work of Qian and Jie [19] about the spacecraft rendezvous system, and the work of Hu et al. [20] about spacecraft attitude control. Both active and passive FTC have advantages and limitations. In comparison with active FTC, passive FTC encounters more difficulty in achieving optimal performance under any design basis-fault condition. However, passive FTC has the advantage of avoiding the time delay introduced by the online fault detection and diagnosis and controller reconfiguration in active FTC. Motivated by the foregoing, this paper-considering actuator faults and transient performance requirements-presents new passive fault-tolerant controllers designed to perform the challenging rendezvous mission; these are the main research targets in this work.
Inspired by the fixed-time stabilization concept, this paper investigates the FTC problem in rendezvous and docking with a freely tumbling target spacecraft, and two fixed-time controllers are developed. The first ensures that all of the system states converge to zero in a fixed time without considering external disturbances and actuator faults. The second can guarantee fixed-time reachability of the system states into the small neighborhood of the designed fixed-time sliding mode in the presence of actuator faults and external disturbances.
II. RELATIVE EQUATIONS OF KINEMATICS
A. An LOS Coordinate Frame Based on the Attitude of the Target
Before proposing the LOS coordinate frame, the following frequently used coordinate systems are defined:
1) The Earth-centered inertial coordinate system is denoted as Ox I y I z I and is fixed to the center of the Earth. The Ox I axis points toward the vernal equinox, the Oz I axis extends through the North Pole, and the Oy I axis completes the triad.
2) The body-fixed coordinate frame of the target spacecraft is denoted as O t x t y t z t and is fixed to the center of the target spacecraft.
As shown in Fig. 1 , r t is the position vector from the Earth center to the target spacecraft, r c is the position vector from the Earth center to the chaser spacecraft, and ρ is the relative position vector from the chaser spacecraft to the target. Define the relations | r t | = r t , | r c | = r c , and | ρ | = ρ. The coordinate frame O c x t y t z t is parallel to the target body-fixed coordinate frame O t x t y t z t . The relative position of the two spacecraft can be expressed as a set of spherical coordinates [ρ, θ, ψ] T in the LOS coordinate
where O c x L points to the target from the chaser spacecraft, ρ is the relative distance, and θ ∈ (−π/2, π/2) and ψ ∈ (−π, π) are the rotational 
REMARK 1 Compared with previous LOS coordinate frames [4, [8] [9] [10] , the proposed LOS coordinate frame based on the attitude of the target is not only fixed to the center of the chaser spacecraft but also related directly to the target's attitude. Thus, the proposed LOS coordinate frame has the advantages that it can be applied to a tumbling target and arbitrary orbital forms, such as circular or elliptical orbit, and that the chaser spacecraft approaches the docking axis (i.e., the negative x-axis of the body-fixed coordinate frame of the target O t x t y t z t ) of a tumbling target when the state variables in the LOS equations converge to the equilibrium point.
B. Equations of Kinematics in the Proposed LOS Coordinate Frame
In this section, the LOS-based relative equations of kinematics between two spacecraft with spherical coordinates (ρ, θ, ψ) will be derived and discussed. By taking the second derivative of the relative position ρ = r t − r c between two spacecraft in the Earth-centered inertial coordinate system, one has
where μ is the standard gravitational parameter and a c denotes the chaser spacecraft's control acceleration from thrust force. The subscript I means that the derivative is in the inertial frame (I-frame). If the orbit is circular, a J 2i denotes the Earth nonspherical perturbation for both vehicles ( a J 2c for the chaser and a J 2t for the target) caused by the Earth's oblateness, or equatorial bulge, and J2 is the first zonal coefficient terms in the Legendre polynomial [21] . The X, Y, and Z in (3) denote the spacecraft's positon in the inertial frame; a w is considered to be small acceleration due to the atmospheric drag, the gravity fields of other planets, and solar pressure or venting, which also perturbs the spacecraft's motion. The small accelerations are grouped together because they have a slighter significant effect on spacecraft orbits than the Earth nonspherical perturbation. From the cosine law, under the assumption ρ/r t 1, the distance between the chaser spacecraft and the center of the Earth can be approximated as
(4) Using the Maclaurin expansion
Then, substituting (5) into (2) yields
Note that vectors ρ and r t can be expressed as ρ = [ρ, 0, 0] T ∈ R 3 and r t = R Lt R tI R IO [r t , 0, 0] T ∈ R 3 in the LOS coordinate frame, where R Lt = [cos ψ cos θ, sin ψ, − cos ψ sin θ;− sin ψ cos θ, cos ψ, sin ψ sin θ; sin θ, 0, cos θ] is the coordinate transformation from the target body-fixed frame to the LOS frame;
is the coordinate transformation from the Earth-centered inertial coordinate frame to the target body-fixed coordinate frame; and
is the coordinate transformation from the orbital coordinate frame to the Earth-centered inertial coordinate frame. Note that, for any vector a = [a 1 , a 2 , a 3 ] T , the notation a × is used to denote the skew-symmetric matrix
T ∈ R 4 is the attitude quaternion of the target spacecraft, and ω 0 , f, i 0 , and are, respectively, the argument of perigee, the true anomaly, the orbit inclination, and the right ascension of the ascending node of the target spacecraft. Note that that all of the information relating to the target spacecraft's attitude and orbit are required before rendezvous and docking. To this end, (6) can be rewritten in the LOS frame as
where ρ ∈ R 3 , a c ∈ R 3 , and a d ∈ R 3 are, respectively, the vectors ρ , a c , and a d expressed in the LOS frame. The subscript L means that the derivative is in the LOS frame. Ifρ andρ are denoted as the first and second time derivatives of ρ in the LOS frame, one has
T ∈ R 3 denotes the angular velocity of the LOS frame with respect to the Earth-centered inertial frame expressed in the LOS frame, and ω t ∈ R 3 denotes the body-fixed reference frame of the target spacecraft with respect to an Earth-centered inertial frame expressed in the body-fixed reference frame. Furthermore, the first derivative of ω L in the LOS frame and of ω t in the body-fixed reference frame of the target spacecraft can be written as, respectively,
where J t = J T t ∈ R 3×3 denotes the positive definite inertia matrix of the target spacecraft, τ t ∈ R 3 denotes the vector of control torques commanded by the attitude controller of the target spacecraft in the body-fixed reference frame, and d t ∈ R 3 denotes the target's external disturbance torque vector induced from the environment and includes environmental torques such as the gravitational torque and the torque arising from the aerodynamic drag, solar radiation, and magnetic effects, in the body-fixed reference frame.
From (8) and (10), one has μ r
Again, substituting (11) and (12) into (13) and multiplying both sides by the mass m c of the chaser spacecraft yields
where
F L is the control force produced by the thrusters in the LOS coordinate frame, and d L is the orbital disturbance force of the two spacecraft.
In practice, the docking position is not at the center of the spacecraft, so the relative position ρ of the two spacecraft should not tend to zero during rendezvous and docking. Let ρ d be the desired distance and ρ e be the relative position error, and set ρ = ρ e + ρ d . Then, with the assumption that ρ d is a constant with
T in the LOS coordinate frame, (14) can be rewritten as
with the new state vector x = [ρ e , ψ, θ] T ; and the new matrices A 2 and B 2 are given as
III. DEFINITION AND LEMMA
Consider the systeṁ
where f : U 0 → R n is continuous in an open neighborhood U 0 of the origin. Suppose that the system in (20) possesses a unique solution in forward time for all initial conditions. DEFINITION 1 [17] The equilibrium x = 0 of the system in (20) is fixed-time stable if it is globally finite-time stable and the settling-time function T(x) is bounded, i.e., there is an existing positive constant T max such that T (x) ≤ T max for any x ∈ R n .
LEMMA 1 [17] Consider the system in (20) . Suppose there is a Lyapunov function V(x) defined on a (20) is fixed-time stable, and any V(x) that starts from U can reach V (x) ≡ 0 in a fixed time. Furthermore, the settling time T of a fixed-time-stable system is bounded and its bound is independent of the initial value of system states. Thus, we can conservatively estimate T as
without any knowledge of the initial value V (x 0 ). PROPOSITION 1 Consider the nonlinear system in (20) .
Suppose that there exist a Lyapunov function V(x) and scalars α, β, p, q, k ∈ R + , pk < 1, gk > 1, and 0 < ϑ < ∞, such thatV (
Then the trajectory of this system is practical fixed-time stable. Moreover, the residual set of the solution of (20) is given by
where θ is a scalar and satisfies 0 < θ ≤ 1. The time T needed to reach the residual set is bounded by
.
PROOF Proposition 1 can be easily proved, so we omit the proof here.
IV. A NEW FIXED-TIME SLIDING-MODE SURFACE DESIGN AND CONVERGENCE ANALYSIS
In this section, a new fixed-time sliding-mode (SM) surface will be proposed for the problem of spacecraft rendezvous. In terms of the spherical coordinate
T , the new fixed-time SM is
where 
where l min (·) represents the minimum eigenvalue of a given matrix.
PROOF If the sliding motion occurs for system (17), then we have S = 0. Thuṡ
Let the positive definite Lyapunov function be of the form V xi = |x i |, where i = 1, 2, 3 and x = [x 1 , x 2 , x 3 ] T . Taking the derivative of V xi along (24) yieldṡ
From Lemma 1, it can be easily concluded that the relative position errors (ρ e , ψ, θ) are fixed-time stabilized.
V. FIXED-TIME CONTROLLER DESIGN FOR RENDEZVOUS AND DOCKING WITH A FREELY TUMBLING TARGET
The problem of rendezvous and docking is studied for a noncooperative target, which is out of control with no external disturbances-i.e., τ t and d t in (17) equal 0-and is tumbling freely in space. The LOS-based equation of relative motion in (17) , incorporating thruster faults, can be combined to give
where D ∈ R 3×m is the thruster configuration matrix; m is the number of thrusters; F C denotes the desired control force produced by the thrusters in the body-fixed coordinate frame of the chaser spacecraft; I represents the identity matrix with the appropriate dimensions; E = diag(E 1 , E 2 , . . . E m ) ∈ R m×m ; and E i is the failure indicator for the ith thruster pair. Note that the case E i = 0 means that the ith thruster pair works normally; if E i = 1, the ith thruster pair has failed completely; and E i ∈ (0, 1) corresponds to the case in which the ith thruster pair has partially lost its effectiveness but still works all of the time. Additionally,F C ∈ R m represents a stuck fault for the thruster [22] .
The presented fault model in (26) can represent outage, loss of effectiveness, and stuck faults. The expression R Lc = R Lt R tI R Ic denotes the coordinate transformation from the body-fixed coordinate frame of the chaser spacecraft to the LOS frame, and R Ic represents the coordinate transformation from the body-fixed coordinate frame of the chaser spacecraft to the Earth-centered inertial frame, obtained in a similar way to R tI , directly related to the attitude of the chaser spacecraft.
To design the control scheme, the following reasonable assumptions are required.
ASSUMPTION 1
The target spacecraft is out of control with no external disturbances-i.e., τ t and d t in (17) equal 0-and is tumbling freely in space. The external disturbance d L and the uncertain stuck faultF C in (26) are unknown but bounded. Thus, there always exist positive but unknown constants d such that
where the notation · denotes the Euclidean norm of a vector and the induced norm of a matrix.
ASSUMPTION 2 The matrix D(I − E)
is full-row rank, which implicitly means that the remaining active thrusters are able to produce a sufficient force for the chaser to perform the rendezvous mission. The thruster pairs can only partially lose their effectiveness-i.e., E i ∈ [0, 1)-and the faulty thrusters are still controllable.
A. Fixed-Time Controller Design With No External Disturbance or Thruster Faults
For this case, because the thruster faults and external disturbance are not taken into account, the LOS-based equation of relative motion (26) can be simplified to
Then the following theorem can be derived. 
where α 2 , β 2 , p 2 , g 2 are the controller parameters to enforce the sliding motion and satisfy α 2 ∈ diag(α 2i ),
denotes the pseudoinverse of D, and D should satisfy full-row rank. Then the states of the system converge to origin in a fixed time T, whose bound is independent of the initial values of system states and can be conservatively estimated as
PROOF The candidate Lyapunov function is defined as V S1 = S T S. Taking the derivative of the fixed-time SM (22) yieldṡ
Taking the derivative of V S1 and substituting forṠ, one haṡ 
Further simplification ofV S1 giveṡ
S1 . (33)
From Lemma 1, the origin of the system in (28) is fixed-time stable, and all of the states arrive at the fixed-time SM (22) in a fixed time T S1 , which satisfies
. (34) Combining (23) and (34), the proof of Theorem 2 is easily completed.
B. Adaptive Fixed-Time Controller Design With External Disturbance and Thruster Faults
In this section, we will use the dynamic model in (26) and investigate the fixed-time rendezvous and docking problem with external disturbance and thruster faults. To solve this problem, an adaptive fixed-time finite controller is designed to guarantee that the fixed-time SM converges to the residual set of S = 0 in fixed time. (17) for rendezvous and docking with thruster faults and external disturbance under Assumption 2. The adaptive fixed-time-based controller is chosen as
THEOREM 3 Consider the LOS-based equation of relative motion in
Lc a 2 α 3 sig(S)
and updated bẏ
where the gains c 1 , c 2 , and θ 0 satisfy the constraints
In (35) and (38), σ 1 , σ 2 , α 3 , β 3 , θ 1 , θ 2 , p 3 , g 3 are the controller parameters and satisfy σ 1 , σ 2 > 0, p 3 ∈ (0, 1),
, and θ 0 ∈ (0, 1). The adaptive termsd andˆ are estimates of the unknown parameters d and , andˆ satisfieŝ E F C = diag(F C )ˆ . Then the trajectory of the closed-loop system will converge to a region in fixed time.
PROOF Consider the candidate Lyapunov function V S2
given by
Taking the derivative of this Lyapunov function, we havė
Define the estimation error of the fault value as E = E −Ê. Substituting this error into (40) yieldṡ
Substituting the adaptive fixed-time controller (35) into (41) giveṡ
Using the adaptive laws in (36) and (37), we havė
For any θ 1 > 1/2 and θ 2 > 1/2, one has
(45) Further simplification of (43) giveṡ 
Case 2: If c 1d 2 < 1, then, using the basic properties of powers,
Combining (47) and (48) leads to
Similarly, we can obtain the following inequality:
Note that 1 − θ
= θ 0 and define η 1 = min{2l min (α 3 ), 1}, η 2 = min{2 2−g 3 l min (β 3 ), 1}. Then (46) can be written aṡ
Two cases are considered:
one has
(52) Then (51) can be simplified to givė
Case 2: If
we have
where c max = max{c 1 , c 2 }. Then (51) can be rewritten aṡ
Combining (53) and (55) leads tȯ
Then, using Proposition 1, the trajectory of the system in (56) is practical fixed-time stable. The residual set D 2 is calculated as
(57) and the settling time T S2 is given by
without any knowledge of the initial or instantaneous values of the system states. In addition, if the exact value of V (x 0 ) is known, the settling time T S2 is explicitly given by
where θ ∈ (0, 1) and V S2(0) is the initial value of V S2 . Hence, the proof of Theorem 3 is completed.
VI. SIMULATION RESULTS AND COMPARISON
To verify the effectiveness of the proposed fixed-time sliding surface and controllers, detailed simulations on a vehicle with six thruster pairs under various conditions are conducted using the model governed by (26) In an actual rendezvous and docking mission, the chaser spacecraft should approach the target spacecraft along the x-axis. This requirement can be easily met using the LOS-based equation of relative motion (14) , especially for a tumbling target. As described in Section II, the negative x-axis of the target is chosen as the docking axis. The chaser spacecraft first approaches the negative x-axis of the target and then keeps the relative range as 60 m and 30 m in turn for a fly-around. The total rendezvous process is completed in 1500 s, and the distance between the center of the target and the docking device is set to be 10 m. Thus, the desired distance ρ d is defined as 
The control gains for the two controllers are chosen as follows: 
T . Thruster faults are considered, and the fault scenario is given by 2, 7, 8, 9, 10, 11, 12. According to (2) and (15), d L has the form m/s 2 [21] . The results are shown in Figs. 2-5. Figs. 2 and  3 show the macroscopic time responses for the two controllers, and it is clear that the adaptive fixed-time controller has better adaptability to the thruster faults and disturbance. Fig. 4 shows that the fixed-time controller in (29) has the faster transient response, and the adaptive fixed-time controller has the higher accuracy. So the controller in (35) has much better adaptability in the presence of external disturbances and thruster faults, both in theory and in simulation. In addition, some simulations were performed using different control parameters, disturbance inputs, and even combination of thrusters faults. These results show that closed-loop system rendezvous control is accomplished in spite of these undesired effects in the system. Moreover, the flexibility in the choice of the control parameters can be utilized to obtain desirable performance while meeting constraints on the control magnitude.
VII. CONCLUSION
In this paper, dynamical equations are derived for rendezvous and docking with a tumbling target. Novel fixed-time fault-tolerant controllers are proposed to perform the challenging and complicated rendezvous mission with a noncooperative spacecraft. In contrast to the existing finite-time control literature, the fixed-time controllers are independent of initial conditions and have more rapid convergence and higher accuracy. The performance of the proposed controllers is examined through numerical simulation. It is shown that the proposed adaptive fixed-time controller has faster convergence and better fault-tolerant capability with higher accuracy than the general fixed-time controller. This conclusion is valid with the assumption that the velocity of the target is known, although an actual noncooperative target's speed would be unknown. The results presented in this paper are given for a particular numerical simulation; further experimental testing would be required to reach any conclusion about the efficacy of the control and adaptation laws for a real mission. 
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